
Biophysical Chemistry 16 (1982) 9-17 
Ekvier Biomedical Press 

A MODEL FOR THE CALCULATION OF THE DIELECTRIC DISPERSION AND THE 
DIPOLE MOMENT OF GLOBULAR PROTEINS IN SOLUTION 

Frans J-M. MOFERS, Gerard CASTELEIJN and Yehudi K. LEVINE 

Department of Biophysim, Physics I&oratory. State Uniaersity of U!recht, P. 0. Box 80 000. 3508 TA Utrechl. The Ne~herkmds 

Received 4th January 1982 
Revised manuscript received 1st April 1982 
Accepted 29th April 1982 

Key words: DipoIe momem; Dielectric dispersion; Prorein solulion; Dielecrric model 

We describe a new procedure whereby the magnitude of the dielectric dispersion of a solution of globular protein molecules 
can be calculated. The protein molecule is considered to have spherical symmetry and the charged residues are thought to be 
situated in a medium whose dielectric constant increases continuously as a function of the distance from the centre of mass. 
The dipole moment of the protein in the solution is made up of two parts: the intrinsic dipole moment due to the charge 
distribution of the protein and the dipole moment due to polarization of the medium and the ionic cloud. When the model is 
applied to solutions of cytochrome c it is found that polarization of the medium results in a decrease in the dielectric dispersion 
amplitude. The mean square dipole moment calculated with the help of this method indicates that the fluctuation of the 
configurations cannot be responsible for the large dispersion in the megahertz region. 

l_ Introduction 

Investigations on the dielectric relaxation of 
solutions of protein molecules carried out during 
the last 40 years have been of importance for the 
study of proteins [l-5]. The dispersion observed in 
the megahertz region is generally attributed to the 
permanent dipole moment of the protein. The 
dipole moment can be calculated from the disper- 
sion data using the well known Onsager [6] rela- 
tion. 

In the last 10 years, the structure of a large 
number of protein molecules has been determined 
by means of X-ray crystallography_ Consequently, 
we can now relate the experimentally determined 
dipole moment to the structural parameters of the 
molecule. 

In this paper, we present a modei for the globu- 
lar proteins in which spherical symmetry in the 
dielectric constant of the molecules is assumed, 
and in which the electric fields in and around the 
molecules are taken into account. According to the 

Tanford-Kirkwood [7] theory, thz globular protein 
molecule can be considered as a sphere with low 
dielectric constant, embedded in a medium with 
high dielectric constant_ The charged residues are 
located near or on the surface of the sphere. It is 
unlikely, however, that discrete changes in the 
dielectric constant occur on a microscopic scale, as 
is implied by the Tanford-Kirkwood model. In the 
model described here the charged residues of the 
molecule are located in a medium whose dielectric 
constant l varies as a function of the distance from 
the centre of mass of the molecule. 

To understand the shape of the experimentally 
obtained titration curves, one has to assume small 
interaction energies between the charged residues 
of the polypeptide. Our model accounts for these 
low energies because the environment of the 
charged groups is assumed to be relatively polar. 
Recently, we have shown that this model provides 
an adequate description of the proton titration 
curve of oxidized horse heart cytochrome c [S]. 

To take account of the low water content near 
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the centre of the molecule and the high water 
content near its edge, we consider in our model a 
non-polar centre and an increase in the dielectric 
constant with increasing distance from the centre 
of mass [8]. In this model, most charged residues 
have a highly polar environment, which is energet- 
ically favourable with respect to the solvation en- 
ergies of the charges. On the assumption that there 
are no interactions between protein molecules (in- 
finite dilution), an analytical expression for the 
electric field can be given. Once the electric field in 
the sphere is known, one can calculate the electric 
dipole moments induced in the medium. The in- 
duced dipole moments combined with the mo- 
ments of the charges of the molecule give the total 
dipole moment of the sphere. 

By averaging over all possible orientations in 
the external field and by averaging over all charge 
configurations of the protein molecule, one can 
calculate the mean dielectric constant of the solu- 
tion_ 

2. Theoretical section 

Consider a sphere with radius R having the 
polyelectrolyte (protein) at its centre- Since we 
only consider proteins at infinite dilution, R will 
have macroscopic dimensions_ The sphere is subdi- 
vided into three concentric shells each of which 
has a different dielectric constant E: 

T=GQ l ,=Ci. 
n==rSb L, = ar-. 

bCr<R f,=C,. 

Here ci and E, represent the dielectric constant of 
the non-polar centre of the molecule and the polar 
region outside the molecule, respectively. The 
parameters a and u are such that c, changes con- 
tinuously at a and b. We assume that the salt ions 
do not penetrate into a sphere with radius c (b -Z c 
CR). The charges of the protein can be situated 
anywhere within the sphere with radius c. 

We want to calculate the mean dielectric per- 
mittivity of the sphere with radius R. When only 
dipole terms are considered the mean polarization 
density P of the sphere is given by [9]: 

P=(G)/V. (1) 

where V is the volume of the sphere and the 
brackets ( ) denote the statistical m_echanical 
average of the total dipole moment M of the 
sphere in the presence of the external field. In our 
case, we have to determine the average over *he 
possible configurations of the charge (denoted by 
the brackets ( )) and the average over the possible 
orientations of the molecules in the external field 
(indicated by -)_ This leads to: 

where E. is the applied Maxwell field which points 
in the z direction, and co the pertnittivity of a 
vacuum. The net total dipole moment in the direc- 
tion of the external field of a given configuration 
can be split into two parts: 

&=H$i- Mz_ (3) 

Mz is the dipole moment due to the polarization 
of the medium in the sphere with radius R and is 
caused only by the external field E,. This term is 
independent of the charge distribution of the 
molecule. M;” is the dipole moment of the charges 
in the polyelectrolyte, including the polarization of 
the medium in the electric field of these charges. 

As M$ is independent of the possible orienta- 
tions of the protein molecule in the external field 
and also of the charge of the molecule we can 
write: 

c_g - t = M=+/r,~o~. 

and 

(4a) 

AC = (~-)/~oEoV. (5a) 

where cm is the mean dielectric permittivity at 
frequencies much larger than or, with or = l/7, 
and T the dielectric relaxation time of the protein. 
AE is the dielectric dispersion of the protein solu- 
tion. For N,, moles of non-interacting protein 
molecules in volume V (x-2) we can write: 

QPfov 
r,-l=(r,-l)--c (c,--l)roEo-~ (4b) 

0 0 

and 

AC = ,,+. 
0 0 



F.J.M. Moferrs er at. /Model/or globular proteins 11 

where No is Avogadro’s number and cp = N,/V 

which is the concentration in mmol/l. 

2.1. Calcularion of Mz4 

By solving the Poisson equation one can find 
the potential + arising from the external field. 
Once the potential + is known, one can find the 
dipole moment arising from the polarization of the 
medium in a volume V 191: 

The potential a+ can be written as an expansion in 
Legendre polynomials. It can be shown that be- 
cause of the orthogonality of the Legendre poly- 
nomials, only the dipole terms (n = 1) of the ex- 
pansion contribute to the dipole moment, so we 
shall concern ourselves only with the dipole term 
of the potential +_ The general solution of the 
Poisson equation is given by: 

~(T~=(h+rP-+X-yP-)Cose. 

with 

(7) 

r=Za P +=I, p-c-t; 

a<rGb p+.- =;{ -(,+1)~~~} (ref. IO); 

b<r<c p-=1. p- =-2; 

(8) 

A+ and X- are determined by the boundary condi- 
tions in *he various regions of our model (see the 
Appendix)_ We can generally write c,= arO (for 
r<a, a=0 and a=ei; for b<rGc, a=0 and 
a=~,). When the integration of eq. 6 is per- 
formed over a shell with inner radius x,, outer 
radius x2 and volume V, we have: 

-.,jj/y,(c,-l)~d”=-~~~~+~~++~ 

X i( p+ +2 
P + f-2+0 

o-r;--I)_(zL)p-+z 

( p+ +2 
p+ +2+ 0 

0._Xp-I 
11 

45s _ --ro,-,p-‘Z p- +2 

lo 1 

I( p- +2+ 0 
P-X;-1 

) 

x1 
p- f2 p- +2 

x2 p- +2+ 0 
a-x;-1 

,) 
(9) 

for x, and x2 < c, where a, p+, p- ) A+, A- and D 
are different in the various domains of the model. 
It follows from the term between the second set of 
curly brackets in eq. 9 that if the potential varies 
as r-’ (0 = 0 and E, is constant) in a certain region 
(i.e., p- = -2), this region will not contribute to 
the dipole moment. 

In the shell between c and R (volume VZ) we 
have to take the ions into account. The charge 
density p( 3 can be found by applying Boltzmann’s 
law and approximating for small energies [ 111: 

The term Zi c,q,. corresponds to the net charge 
density of the ionic cloud, and equals -Q/V,_. 

where Q is the net charge of the protein. By taking 
the limit of infinite dilution (Vz - m) the net 
charge density of the ions approaches zero. 

In eq. 10, K = 5.024dm nm-’ and I = 1/2e’ 
Xi c,qf which is the ionic strength (mol/l). The net 
charge of the ions is now excluded from the sum- 
mation in eq. 10. Outside the protein the potential 
G(F) consists of two terms, one from the external 
field ( -EOrcosB) and one from the varying di- 
electric constant which is due to the external field. 
The last term is dependent on the ionic strength. 
According to Kirkwood [12], the dipole term of 
+(r3 for ions without an intrinsic dipole moment 
can be written: 

~(r~=-~E,rcosB+h-r-ze-“(l+~r)c0s8. (‘1) 

The z component of the dipole moment of the 
-ionic cloud in the direction of the external field is 
now given by: 

//~~~(~rCOSBdU=-4~~gZ,X- 

x {e-sC( liKC+K*C~/3)-e--r~(l+KRIr~R~/3)} (12) 

The polarization of the dielectric medium outside 
the protein is given by: 

~~,(r,-l)h-{e-~c(l+cc)-ee-‘R(I+KR)} 

++,- l)E,( RX - c’)_ (13) 
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The contribution of the volume V, of the shell 
between c and R to the medium polarization M$ is 

W’ is the energy of the configuration (i) of the 
charges is the external field. W’ is generally much 

given by the sum of eqs. 12 and 13: smaller than kT, so we can write: 

-~~,X-[e-=~(c,(2+2xc+r~~~)+(l+TE)} 

---‘R(r,(2+2~R+K2R2)+(1+~R)}1 

++- l)E,( R3 - c3)_ (14) 

Using eqs. 6-14, (E, in eq. 4b can be calculated. 

2.2. Calculation of SF=+ 

The dipole term of the potential +, due to a 
charge q, inside the molecule on the z-axis can 
generally be written: 

*,(Q=(% + Pf -+ 1; P- ) co* 8. (15) 

Here XT, p+, XT and p- are again different in the 
various regions, pi and p- are defined as in eq. 8; 
xt and A, include the homogeneous as well as the 
inhomogeneous terms [S]. 

e - W’/kr=, _ wi/kT. (19) 

a and /3 are two angles by means of which all 
possible orientations of the molecule in the exter- 
nal field which differ in W’ can be described_ j3 
transforms the system A(x,y, z) to A’(x’,y’, z? 
through rotation round the x-axis (0 G $=~lr). a 
transforms A’(x’,y’, 1’) to AII(X”,y”) 2”) through 
rotation round the z’-axis (0 G a S 2~). A” is the 
system that is fixed to the molecule. The ene.rgy of 
a mol~le with m charges qk( k = 1~ m) at loca- 
tions {k in the potential + due to external field (eq. 
7) is given by: 

Outside the molecule we have to take the ions 
into account, which results in 

9,(r~=X;r-Ze-‘~(l+rr)cosB_ (‘6) 

The dipole moment n?* caused by a charge q, at G 
relative to the centre of mass can be split into two 
parts: 

+(~)=(x+s~++A-~~-)cosek_ (21) 

In the system A” cos Bk (and cos 6,) can be 
expressed thus: 

the dipole moment of the charge: 2, = q,g, 
the dipole moment caused by the polariza_on 

of the medium due to the charge q,: M,= 
-q,jjjv(~r - l)v @do. This term can be 
evaluated with the help of eq. 9. 

We now introduce the superscript i to indicate 
the configuration of the charges on the moIecule 
[lo]. For a system of m charges in configuration i 
the total dipole moment in the z-direction is: 

where 0, is the angle between the c vector and the 
z-axis. The average over all possible orientations 
can be found as follows: 

(18) 

/ ‘. 
_-’ ‘_ 

I. .I 

PH 
Fig. 1. Mean and mean square dipole moment as a function of 

PH. (- 1 @L G----4 I<r,>l. (*----I a- 



where 1:. k, S;_ k and rzVk are the Cartesian coordi- 
nates relative to the centre of mass of the charge gr, 
in the molecule-fixed system A", and 1, the dis- 
tance of the charge from the centre of mass. In IV’ 
and M,9qi only cos 0, and cos 0, are dependent on a 
and /3_ The integration of eq. 18 can now be 
readily performed_ Considering the following 
terms: 

~T~2rcost$sinBdad/3=0 

jd-Lzisinj3dadB=45r. 

we find: 

(23) 

Wrs. I. I. I.I.I.1.‘. 1-l 
3 4 5 6 7 t3- 9 10 11 

PH 

Fig Z Cakuia~ed dielectric dispersion per mol/l as a function 
of pH of horse heart cytochrome c at ionic strength 0. Curves: 

I( -), eq. 29; 2 (------). eq. 30; 3 (- - - - - -). a = b =200 

nm (eq. 5b); 4 (-----), o=b=50 nm (eq. 5b); 5 (-----), 
a=50 nm. 6=170 nm (Eq Sb). 

(25) 

The average overall the possible configurations of 
the charges is given by [E&IO]: 

where a represents the activity of HT and the 
weight factors Kj are given by the Boltzmann 
factors Kj = e --P3F’_ AF’ represents the standard 
free energy change for the reaction in which Y 
protons are coupled onto the proton-free form P 
of the protein to give the specific configuration i: 

Kf: P+ vH’ t(PH,)‘. 

The asterisk in eq. 25 indicates that we sum over 
any configuration that involves Y protons (so the 
two summations may not be interchanged)_ The 
intrinsic dipole moment is the moment caused by 
the dipoles on the backbone of the protein mole- 
cule taking into account its mutual interaction_ 
The interactions with the direct environment in the 
protein molecule are neglected_ 

2-3. Calculations 

We first focus on the intrinsic dipcle moment ji, 
without considering the polarization of the 
medium. 

In polypeptides it is not only the charged amino 
acids which contribute to the total moment of the 
molecule, but the moments of the peptide back- 
bone have to be taken into account as well. Each 
peptide bond has a dipole moment of about 3.5 
debye which is directed from the 0 atom to the C 
atom of the peptide backbone 113,141. We calcu- 
lated the vector sum of all these dipoles in horse 
heart cytochrome c_ The coordinates of the titrata- 
ble groups were modified data from tuna heart 
cytochrome c [8,15,16]. We obtained: 

l&1=95.3 debye. (26) 

The dipole moment of the charged residues is 
given by: 

(27) 
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I( ji,)] and (&) can be calculated by replacing 
Mz’ in eq. 25 by ji, and pi. respectively_ The 500 
most probable configurations have been used to 
determine the average values [ 19,201. 

The total mean square dipole moment can be 
expressed as: 

<p2>=<(Fip+~~)2~=<p2p)+P~+2~~b(~~)- (28) 

In fig. 1, &6, I(QI and m are given as a 
function of pH. 

We shall now compare the dielectric dispersion 
that can be calculated according to eqs. 5b and 
1.5-25 with the formulas that are commonly used 
to relate the charge distribution of a molecule to 
the dielectric dispersion of a solution of these 
molecules. For gases, the Debye [17] formula re- 
lates the mean dipole moment to the dielectric 
dispersion: 

(29) 

For dilute solutions the dipole can be considered 
to be embedded in a sphere with dielectric con- 
stant ci inside and c, outside. The cavity field 
works on the dipole, and the dispersion can there- 
fore be expressed thus: 

a 
u 
\ 
w 
Q 

Fig. 3. hfhence of the ionic strength on the dielectric disper- 
sion amplitude per unit of concentration of horse heart qte 
chrome c as calculated by eq. 25, using a =50 nm and b = 170 
nm. Curvesr 1 (- _ - _ - -). I =O mol/l: 2 (------). I =0.05 mot/l: 

3 (- ), IGO. mol/l; 4 (w---m). I=O/O.lS mol/l (see 
PZXl). 

been calculated by determining the weight factors 
Kj at ionic strength 0 mol/l, and calculating MF’ 
at ionic strength 0.15 mol/l. 

(30) 

3. Discussion 
In fig. 2, Ar, and AcZ per mmol/l are given as a 
function of pH for a solution of horse heart cyto- 
chrome c. For ci and E,,. the values 5 and 78.5, 
respectively. were chosen. Curves 1 and 2 are 
calculatt’ according to eqs. 29 and 30. Curves 3-5 
in fig. 2 are calculated, the polarization of the 
medium being taken into account (eqs. Sb and 
15-25). The ionic strength is 0 and the 500 most 
probable configurations are considered. For curve 
3,o=b=2OOnmandforcurve4,a=5=50nm. 
u = 50 nm and 6 = 170 nm gave best fit to the 
proton-titration curve of oxidized horse heart cyto- 
chrome c [8]. Curve 5 (fig. 2) is calculated accord- 
ing to these vahres. 

From fig. 1 two important conclusions can be 
drawn: 

the dipole moment of the backbone does not 
greatly influence the total intrinsic moment (at 
most 25% at pH 2-5). although its absolute value is 
rather large (953 debye); 

the differences between (p,,) and /(up)] is P- 
rather small. Kirkwood and Shumaker [18] calcu- 
lated the proton fluctuation term that is defined 
by: 

Fig. 3 shows the influence of the ionic strength On the basis of statistical mechanical considera- 
on the dielectric dispersion. Curves 1, 2 and 3 give tions and assuming a uniform distribution of basic 
the dispersion per mmol/l at ionic strengths 0, groups on the surface of the molecule, they found 
0.05 and 0.15 mol/l, respectively. Curve 4 has values for A$ which had the same order of magni- 



tude as (p>‘. From the calculations presented here 
we can conclude that the proton fluctuation term 
is too small to explain the large dielectric disper- 
sion of most globular proteins in the megahertz 
region. 

Debye [ 171 was the first to derive a relationship 
between the dipole moment of a molecule and the 
dielectric dispersion of a gas consisting of such 
molecules (eq. 29). For dilute solutions eq. 30 was 
used, to take account of the cavity field that works 
on the dipole. This equation’is often used to relate 
the dielectric dispersion of a solution of protein 
molecules to the dipole moment of the protein [4]. 
The dispersions calculated according to eqs. 29 
and 30 are given in fig.2 (curves 1 and 2) as a 
function of pH. In eqs. 29 and 30 the polarization 
of the medium is not taken into account (only the 
Langevin factor results in the factor 3r,/(2e, + ci) 
in eq. 30). In our model we do take account of the 
polarization of the medium (eq. 17, first term)_ To 
demonstrate the influence of the medium polari- 
zation we consider two simple models. We con- 
sider a molecule represented by a sphere with 
radius a, and dielectric constant l i inside and l , 
outside. At a the dielectric constant changes dis- 
continuously from ci to c,. 

For our first model a charge is situated at 3 
inside the sphere (0 < { < a). We can write for the 
dielectric dispersion of a solution of these mole- 
cules at concentration cp (using eq. 25): 

with p= 45. If ci = 5 and l % = 78.5, then the 
medium polarization which is given by the term 
(ci - 1)/(2c, + ei) is roughly equal to 0.025, which 
is small compared to the contribution of the mo- 
ment of the charge itself. The factor 3c,/(2eu. + ei) 
is due to the cavity field. 

For our second model we consider the charge q 

situated at 1 outside the sphere. We find: 

The polarization of the medium is now given by 

the second and the third term in the square brac- 
kets. For CI = 50 nm and 5 = 100 nm these terms 
are 0.003 and 0.29, respectively. This shows that 
the polarization of the medium can make an im- 
portant contribution_ 

l r is the same for both models and is given by: 

c* (~i-I)~J~-(.U-j).3)i~U. (34) 
Y I 

For n = 50 nm we find es0 = 78.48 ( cp = 1 mmol,/l). 
The pararmeters l i = 5 and Q, = 78.5 are chosen 

in accordance with the Tanford-Kirkwood model 
[21]. Experimental evidence shows that the low 
interaction energies between the iron atom and the 
residues in the interior of a cytochrome c molecule 
can only be understood by assigning large values 
to the effective dielectric constant. Comparison of 
the values obtained by Rees [22] for the dielectric 
constant in the case of various lysine residues with 
the values we caiculated according to the pre- 
sented model justifies the choice of the above-men- 
tioned parameters_ Results of recent calculations 
show an effective dielectric constant l i = 2 for a 
protein molecule with non-polar atoms in its inter- 
ior region [23]. The difference between l i = 5 and 
the ti = 2 does not have any marked influence on 
our results. 

The largest number of charged groups were not 
in the interior of the protein molecule but were in 
the more peripheral regions where l increases with 
radius, and these groups contribute to the effective 
dielectric constant to a much greater extent than 
do the groups in the interior region [S]. 

In fig.2 (curves 3 and 4) the dispersions of 
cytochrome c are given for c = b = 200 nm ( l oc = 
77.06) and u = b = 50 nm (e, = 78.48). Curve 5 of 
fig. 2 gives the dispersion as a function of pH for 
the values of the parameters we actually use for 
our model of cytochrome c; i.e., a = 50 nm and 
b = 170 nm. The value for t, is 78.14 in this case. 
As could be expected, the values for 4r and e, 
with u = 50 nm and b = 170 nm lie between the 
resultsfora=b=50nmanda=b=2OOnm_For 
the model of the protein solution discussed here 
the polarization of the medium compensates the 
intrinsic dipole moment, thus reducing the total 
dipole moment. Particularly when the charges are 
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si?uated in a polar medium this effect can reduce 
the dispersion by 50% 

These calculations yield an important result: we 
can say that by considering a model where the 
charged residues of the polypeptide are situated in 
a polar environment, the effective dipole moment 
will be much smaller than could be expected from 
earlier models, except the model of Debye which 
gives a result similar to ours. 

Fig. 3 shows the influence of the ionic strength_ 
Curves 1, 2 and 3 are results of calculations at 
ionic strengths of 0, 0.05 and 0.15 mol/l, respec- 
tively. The difference between curves 1 and 4 is 
due to the ionic strength dependence of Hz, be- 
cause for curve 4 the configurations and interac- 
tion energies at ionic strength 0 are used. It is clear 
from the difference between curves 3 and 4 that a 
large part of the ionic strength dependence of the 
dielectric permittivity is due to changes in Kj_ 
From fig. 3 it can be seen that between pH 3 and 9 
the dielectric dispersion decreases with increasing 
ionic strength. At higher pH there is no general 
tendency- The ~ahes of L, differ less than O_lX 
between ionic strengths 0 and 0.15. It should be 
noted that our model implies that the charge den- 
sity of the ions responds instantaneously to the 
rotation of the protein molecules. 

We have used a value of loo00 nm for R (for 
explanation, see the first part of section 2) As can 
be seen from eq. 14. this is justified for the case of 
infite dilution as long as the ionic strength is not 
much lower than 0.01. 

It is important to note at this point that we do 
not take into consideration the interactions be- 
tween protein molecules. At larger concentrations 
there will of course be deviations from the linear 
relationship due to interactions of proteins. Ex- 
perimental evidence [4,53, however, suggests that in 
proteins such as haemoglobin and myoglobin there 
is a linear relationship between As and cP up to at 
least 10 mmol/l. 

We show here how the pre-factors (X’ and X-) 
can be determined in the various domains by 
applying the boundary conditions. The potential 

$( r3 can be written according to eqs. 7 and 11: 

+(rq=x:rwse r=Ca 

~(F)=(X;:rP-+A~r~-)cosB o=sr==b 

=tvl=(G, r+x;,/r*) wse b==r==c 

~(,-)={-E,r+X,r-Ze-=r(l+~r)} wsb’ c==r 

The introduction of the boundary conditions at (I, 
b and c gives: 

where 

and 

1 o;=y 
(l-p-)x’-P+ _(p- +qx-(‘++.2) 

P -p- ( _(l-p+)x’-P- (p’ +2)x-b-+2) 1 
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